I describe an extension of a portion of the theory of the Laplace operator on compact riemannian manifolds to certain spaces with singularities. Although this approach can be extended to include quite general spaces, this paper will confine itself to the case of manifolds with cone-like singularities. These singularities are geometrically the simplest possible, but they already serve to illustrate new phenomena that are typical of the more general situation. Moreover, by inductive arguments, the study of simplicial complexes whose simplices have constant curvature and totally geodesic faces (e.g., pl. manifolds) can in large measure be reduced to the study of cone-like singularities.
Introduction
The general program can be described roughly as follows. Let XI be a metric space such that, for some closed subset 2m, Xn _2 m is a smooth dense (incomplete) riemannian manifold in the induced metric. We study the L2 theory of the Laplace operator on the manifold Xn -m. Although Xn -2m is open, for a large class of spaces the compactness of Xn forces the most fundamental features of the theory on compact manifolds to continue to hold for Xn -Zm. However, when the detailed consequences of these are examined in the more general setting, certain qualitative aspects emerge that are not present or, one might say, are disguised in the nonsingular case. As a striking example, the cohomology theory which is naturally related to Hodge theory is (still) L2--cohomology. But, although the L2-cohomology groups of X -are topological invariants of X, they do not coincide with the usual simplicial cohomology groups unless X is a rational homology manifold.
The principle technique on which the results of this paper are based is a functional calculus in which the method of separation of variables is used systematically in combination with the functional calculus for the Laplace operator on riemannian manifolds (see section 4). The main point here is to reduce local analysis near the vertex of a cone to global analysis on the base. Analogues of this technique are useful in essentially all problems involving separation of variables.
L2-Cohomology
Let Nm be a riemannian manifold with metric g and possibly nonempty boundary ONm. By the metric cone C(N) on N, we mean the space (0, o) X N, equipped with the metric drodr + r2g.
CuXuo(N) = I(r, x) & C(N)Iu < r < uoI. [2.2] Xm+1-u u~pj is a smooth open riemannian manifold (possibly with boundary) and each pj has a neighborhood Uj such that U1 -pj is isometric to Co,.j(N73) for some u; and N7 (which might not be connected). Set CO 1 (N) = puCoj (N).
Because the general case is no harder, to simplify the exposition we now assume that K = 1 and u; > 1. We write X = C*,I(N) u M where OM = N and the union is along the boundary. Thus, if aN = 4, X can be pictured as the surface of an ice cream cone, and if ON # 4), as the ice cream cone itself. Of course, X is not homeomorphic to a manifold in general.
There are two examples in which no singularity is actually present: Nm = S', the unit sphere; and Nm = H', the unit hemisphere. In these cases, C(Sjm) = Rtm+ 1, C(Hm) = R + X Rtm, and X is smooth and flat near p. For NO = (HO) -q, the completed cone p u C(N) = C*(N) = R°0 has a boundary, even though aq =4. Thus, to do analysis on C(q) one must first choose boundary conditions. It will be shown below that the same situation obtains whenever Hk(N2k, R) # 1)irm-2igdr A *0 + rm-2i+2fw. [3.2] Also, a straightforward calculation shows that By using Eq. 3.2, a straightforward examination of 3.7 to 3.10 shows that the square of the pointwise norm of 01 is asymptotic to a constant times In fact, it follows from Eq. 3.3 that in case m = 2i, A = 0, the condition that g(r)q be an eigenform of A is just -g" w = X2go. has been constructed and shown to possess sufficiently good properties. The parametrix, in turn, is gotten by blending together the precise fundamental solution on the cone C(N) with a standard parametrix on X -Co,.O(X), for some uO. Thus, C(N) plays the role of the tangent space at p; analysis on C(N) is "hard" and the subsequent globalization of this analysis to X is "soft." In case X is only asymptotically conical, a cruder parametrix can still be constructed. In order to form functions of A on C(N) we replace the Fourier transform, which is available only in the nonsingular case N = S, C(S1 ) = Rm+1, by the Hankel transform (4) combined with the functional calculus on N (compare ref. 5 , p. 179). In this section I briefly indicate a few of the most important examples of this procedure. Discussion of the exact domain of validity of the formulas will be given elsewhere. For brevity, I will also restrict myself to forms of type 1 (which includes the case of functions). The results of sections 4-6, however, depend on the formulas corresponding to 4.4 for types 2-4.
According to a functional calculus based on the Hankel inversion formula, for forms of type 1 we have the following formal representation for the kernel of the operator fA).
f(A) = (rlr2)ai Efj f(X2)JvJ(Xr1)j(Xr2)XdX X Oj(xl) @ Oj(x2), [4.1] where qj runs over an orthonormal basis of co-closed eigenforms of N, and a, v are defined as in Eqs. 3.4 and 3.6. In order to "sum the series" wejregard the right-hand side of 4.1 as a family of functions of A (or more precisely its co-closed part) on N which is parameterized by r1, r2. These functions can then be synthesized out of, for example, the resolvent, heat operator, or wave operator and the asymptotic behavior of those operators can be applied to discuss the behavior of f(A). (rl r2)ai E (rl/r2) 40j(xi) 0 k(x2) rl < r2. ajl2(r,x) = r-m+jaj/2(1,x). Note the appearance of log t which is absent in the smooth case. Note also that 4it(N), the contribution to the constant term coming from the singularity, is formally equal to the constant term in the Laurent expansion of f tr V-S(1,x,1,x), [5.5] at s = 0. In order to make the expression on the right-hand side of (ii) more explicit, we will calculate aj/2(1,x), 4i (N) as spectral invariants of N. The calculation proceeds by establishing a connection between tr 6(t) and tr A-s similar to that which holds in the compact case. Some care must be taken because C(N) is, in fact, not compact. tr A -s can be dealt with more easily than tr4(t) via 4.4 and the corresponding formulas for types 2-4. As in The residues in i-iii can be calculated explicitly in terms of residues of the zeta functions (equivalently, coefficients in the asymptotic expansion of tr e-&t) for N. This will be done elsewhere. That precise form of the results in Theorem 5.2 depends on the fact that the zeta functions on N have simple poles. Because of the log t in i of Theorem 5.1, the zeta functions for X can have double poles. Also, 'o(N) is definitely not a locally computable invariant. 6. The Gauss Bonnet formula In order to apply, the heat equation method to the calculation of the L2-Euler characteristic x, we must take the alternating sum with respect to i, of the right-hand sides of Theorem 5.2, ii (11) (12) (13) (14) (15) . This has the effect of making the global spectral invariants cancel and we are left with just Here NO) denotes the Chern-Gauss Bonnet form. Moreover, given 6.1, it is easy to see that the same formula holds with X replaced by X throughout. The 
